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Abstract—A fast beam training scheme for the massive antenna
arrays is a key to frequency division duplex (FDD) mmWave
systems, as channel reciprocity between the down-link (DL)
and up-link (UL) channels does not hold in general, requiring
feedback mechanism for DL beam selection. Due to the large
number of antennas in a massive array, it is not very practical
to conduct an exhaustive search, especially when considering the
small angular coverage of one directional narrow beam (hence
the number of candidate beams). To address such a challenge, we
consider the 3D beam matching problem for a multi-user massive
multiple-input multiple-output (MIMO) system, and propose a
two-stage hierachical codebook along with the corresponding
fast beam training scheme. The proposed codebook contains
a primary codebook for hierarchical beams and an auxiliary
codebook for narrow beams following the limited resolution of
the phase shifters (PSs). The fast beam training scheme based
on the codebook not only reduces beam training overhead, but
also is applicable to the scenario where there exist multiple
propagation paths for one mobile station (MS). Numerical results
show that the proposed scheme not only enjoys a lower beam
matching complexity (i.e. the training overhead), but also achieves
a comparable performance to the exhaustive search scheme.
I. INTRODUCTION
TREATED as a promising technology for next-generationwireless communications, massive MIMO systems work-
ing at the mmWave frequency bands have attracted much
attention in recent years. The advantage of using the mmWave
bands is two-fold: firstly it provides abundant frequency
spectrum resource that enables higher system capacity, and
secondly the massive array, comprising a large number of
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antennas, is able to generate multiple high-gain directional
beams, compensating the heavy path loss incurred due to
mmWave signal propagation [1]–[3].
As the number of antennas is very large for a mmWave
massive MIMO system, the conventional fully-digital beam-
forming architecture becomes costly, considering the hardware
cost and power consumption. Instead, beamforming is usually
performed by a single analog beamformer [4], or a hybrid
architecture where a small digital precoder is connected to a
large analog precoder via RF chains [5] [6]. Both can achieve
great reduction in hardware cost and power consumption at
the expense of some performance loss, and extensive works
have been reported in recent years. Nevertheless, instantaneous
channel state information (CSI) is required for both above
beamforming schemes. For a practical system, however, an
accurate entry-wise estimation for the channel matrix cannot
be expected for such a massive array [7]. This has lim-
ited the practical use of the adaptive beamforming schemes.
As a result, another type of beamforming schemes, which
works on a predefined codebook [8], has been proposed and
widely studied by the mobile communications industry. In
such codebook based schemes, the beam searching space is
represented by a predefined codebook that contains a set of
codewords, each of which corresponds to a directional beam.
The beamforming is then achieved by picking the optimal
codeword (hence the optimal beam) through some appropriate
metric. By carefully designing the codewords and search
algorithm, a codebook based scheme can obtain a favorable
performance while maintaining low complexity and robustness
against imperfectly estimated CSI.
Recently, extensive works on beam selection schemes have
turned the attention to the sparsity nature of mmWave chan-
nels, since it has been widely acknowledged that the channel
matrix involves only a very limited number of angle-of-
arrival (AoA) and angle-of-departure (AoD) pairs [9]. This has
inspired the compressed sensing (CS) approaches where the
limited number of propagation paths are sparsely represented
to obtain a faster beam search [10] [11]. For these CS based
approaches, assumptions that instantaneous channel parame-
ters can be obtained accurately have to be made. Unfortunately,
such assumptions may be difficult to meet as considerable
time-variation can occur on mmWave channel parameters,
even for MSs with low mobility [12]. Such time-variations lead
to a very short coherence time for mmWave channels, making
a fast beam selection and tracking procedure very critical.
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The large number of antennas for a massive array produces
highly directional but very narrow beams. This brings another
challenge for the beam training procedure, as a large number of
beams ought to be contained in the codebook in order to cover
the whole angular space with sufficient granularity. For the
time division duplex (TDD) systems, the base station (BS) can
directly obtain CSI from uplink pilot signals through channel
reciprocity (but still subject to downlink channel calibration).
Yet for the frequency division duplex (FDD) systems, the BS
cannot acquire CSI via uplink pilots due to the frequency
gap between uplink and downlink channels. Therefore, the
beam training process, where the BS scans different training
beams and the optimal one is selected through the feedback
(e.g. the precoding matrix indicator (PMI) in 5G NR) of
the MSs, is a reasonable approach for a non-massive MIMO
system. However, in a massive MIMO cellular system, this
can severely slow down the initial access (IA) phase, where
an MS tries to establish a connection when entering a new
cell or when a handover between cells is taking place [13].
The large size of the codebook may incur a prohibitively
large beam training overhead, especially if exhaustive search
is directly employed. This, given the beam switching time (i.e.
20-40 microseconds currently [14]) of mmWave arrays, will
have a direct impact on all the key performance indicators
(KPIs, including the end-to-end latency) of 5G and B5G
systems. For the current Long Term Evolution (LTE) systems,
omnidirectional beamforming is usually used at the beginning
of the IA phase for a quicker physical link establishment.
However, for mmWave systems, due to the heavy path loss,
such an omnidirectional start-up leads to a mismatch: the MS
can only be detected when it is very close to the BS, but in fact
data streams should be transmitted between the MS and BS
at a much longer range [15]. This mismatch further motivates
the need to obtain a fast beam selection scheme, in order to
perform beamforming in both IA and data transmission phases.
To this end, beamforming schemes based on hierarchical
codebooks, rather than exhaustive search, have been proposed
[16]–[18]. In such schemes, the beams on the upper layers
contain only several narrow beams, and a hierarchical search
can be performed among them [19]. Yet training overhead
can still be a key issue when multiple MSs need to be served
at the same time. Furthermore, merely using a hierarchical
codebook with analog beams cannot provide a flat gain for all
spatial directions since the hierarchical codebook can generate
irregular beam patterns, which amplify paths close to the
center of beams but weaken those close to the edges [20].
This may cause a mis-selection of the codewords when some
propagation paths happen to point at the boundary of two
adjacent beams, hence is not ideal for mmWave massive array
beam training [21]. Recent work [18] has considered this
scenario and included a further detection step in the transition
gap between adjacent beams. However, this approach would
result in extra beam training overhead due to the extra search
in the gap between the adjacent beams.
To address the aforementioned challenges, in this paper
we focus on the beam training for a multi-user mmWave
massive MIMO system and propose a 3D codebook design,
as well as the corresponding fast beam training scheme. We
also investigate the scenarios where multiple propagation paths
exist, and propose an improved beam training scheme to
account for them. The main contributions of this paper are
as follows:
• We develop a multi-layer two-stage 3D codebook that
can be used in hierarchical beam training for a multi-user
system. The codebook consists of a hierarchical primary
codebook for a fast multi-user beam search, along with an
auxiliary codebook with high resolution for further beam
refinement but meets the finite resolution constraint of
the PSs. The hierarchical multi-user beam search saves
beam training overhead by ignoring the beams that point
to no MS on each layer.
• We develop a novel codeword configuration for the pro-
posed two-stage codebooks, where the spatial coverage of
each beam on the bottom layer of the primary codebook
is set to be slightly smaller than the total coverage of
the auxiliary codebook. Such beam coverage configura-
tion not only assures that the beams meet the constant
amplitude constraint of the PSs, but also avoids potential
false beam detection when the paths point at the boundary
between two adjacent beams.
• Based on the hierarchical beam training, the case where
multiple propagation paths exist is taken into consid-
eration, in order to obtain a better performance when
multiple codewords per MS can be selected for some
MSs. The scenarios where paths are close to or far
away from each other are both investigated, and the
corresponding improved beam training approaches are
explored accordingly.
Notations: In the rest of this paper, we use the following
notations: boldface uppercase A denotes a matrix, boldface
lowercase a a vector, A a set, α a scalar, AH , A∗ and AT
the conjugate-transpose (Hermitian), conjugate and transpose
of matrix A respectively.
II. SYSTEM MODEL
A BS equipped with a half-wavelength uniform planar array
(UPA) of M × N antennas, serving K single-antenna MSs
simultaneously is considered, as shown in Fig. 1, where K data
streams are precoded firstly with a small baseband precoder
FBB , then a large analog beamformer (RF precoder) FRF























Fig. 1: The block diagram of a multi-user system.
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The steering vector for the UPA, a (θ, φ), is expressed by
stacking the phases of all the antennas as
a (θ, φ) =
[
1, · · · , e−jπ sin θ[(m−1) cosφ+(n−1) sinφ],




where θ and φ are the elevation and azimuth angles for a






Fig. 2: Geometric structure of the UPA.
It is commonly acknowledged that mmWave channels con-
sist of only a few propagation paths. Assuming that there are
Lk propagation paths for the k-th MS , with channel gain αk,l




αk,la (θk,l, φk,l) , (2)
where (θk,l, φk,l) denotes the AoD of the lth path of the kth
MS. From the expression of the steering vector a (θ, φ) in
(1), it can be observed that the elevation and azimuth angles
(θk,l, φk,l) are coupled for the phases of the antennas. For the
ease of illustration, we introduce a pair of spatial variables















′ (ψk,l, ζk,l) , (5)
with reformed steering vector
a′ (ψk,l, ζk,l) =
[
1, · · · , e−2jπ[(m−1)ψk,l+(n−1)ζk,l],




In this paper, we assume that the RF precoder FRF uses PSs
with limited resolution, which leads to the constraint that has
to be followed when designing the codebook F . Codewords
in the codebook f ∈ F contain the quantized phase values





ejγp ,∀p = 1, · · · ,MN (7)
where γp is the quantized phase value. For the BS with
NBS,RF RF chains, the RF precoder FRF can be written as
FRF = [f1, · · · ,fNRF ]. The signal to be transmitted at the
BS side is denoted as s = [r1, · · · , rK ]T =
∑K
k=1 sk, where





= (Pt/K) I with the total transmitting power Pt
evenly allocated to all MSs. The received signal yk of the








FRFFBBsu + z, (8)




is the additive Gaussian noise. The first
term is the desired signal while the second term represents the
interference caused by data symbols of other MSs.
Adopting the zero-forcing(ZF) precoder, the digital precoder






, where HHe =[
hT1 FRF , · · · ,hTKFRF
]
assuming that K = NRF . Then with
the selected beamforming vector fk and channel hk, signal-






∣∣∣hTkFRF [FBB ]:,u∣∣∣2 , (9)




log2 (1 + SINRk) . (10)
III. TWO-STAGE CODEBOOK DESIGN
A. The Auxiliary Codebook Design
To reduce the beam training overhead, we adopt a two-
stage codebook design, where a primary codebook FP and
an auxiliary codebook FA are jointly used. Specifically, the
auxiliary codebook FA is a set of codewords corresponding to
the beams with high angular resolution but very limited spatial
coverage, produced by the UPA steering vector as
fA (θ, φ) = f (θ, φ) ,fA ∈ FA, θ ∈ X , φ ∈ Y (11)
where X and Y are the angular range of θ and φ respectively.
For a practical system using limited resolution PSs, phases
of fA ought to meet the hardware resolution constraint.
Assuming that every PS has Kp possible states, for any
antenna element (m,n), we would like to assure that the phase











∀θa, θ∗a ∈ X , φa, φ∗a ∈ Y, θa 6= θ∗a, φa 6= φ∗a,
(12)
where ∠ {α} denotes the phase of a complex value α. Inequal-
ity (12) assures that different beams in the auxiliary codebook
have different PS states. For a practical implementation of
a codeword f , the phase of each element in f should be
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an integral multiple of the phase resolution unit 2π/Kp. An
approximated solution can be obtained by taking the closest
integral multiple of 2π/Kp, and the approximation is expected
to be accurate enough as the error is at most π/Kp for any
single antenna.
B. The Primary Codebook Design
The primary codebook FP consists of wide beams pointing
at different spatial directions, with lower resolution but larger
spatial coverage, which enables a hierarchical search for fast
beam training. Specifically, the codewords in FP are hierarchi-
cally organized: the top layer has smallest number of beams
but largest beam width, and each beam on the top layer is
divided into several narrower beams on the following layer. As
the codewords in the auxiliary codebook FA are used after the
codewords on the bottom layer of primary codebook FP have
been properly selected for a hierarchical search, concordance
between the codewords on the bottom layer of FP , and the
spatial angle or coverage of FA, should be established.
Therefore, we design the codewords in the primary code-
book FP by starting with the codewords on the bottom layer.
As the angular direction of one beam is determined jointly by
θ and φ, to decouple the spatial coverage analysis, we turn
to the variables (ψ, ζ) as shown in (3) and (4) respectively.
To quantify the beamforming gain and beam coverage, array
factor A (f , ψ, ζ) is introduced as follows:
A (f , ψ, ζ) =
√
MN
∣∣a (ψ, ζ)fH ∣∣ , (13)
where f is a codeword and a (ψ, ζ) the array steering vector
corresponding to spatial direction ψ, ζ according to the defi-
nition in (1). Beam coverage C (f) for the 3D case (ψ, ζ) can
be defined with (13), as
C (f) =
{
ψ, ζ|A (f , ψ, ζ) > ρmax
ψ∗,ζ∗
A (f , ψ∗, ζ∗)
}
, (14)
where ρ ∈ (0, 1) is a factor that can be flexibly assigned to
follow the beamforming gain requirement. When ρ = 1/
√
2,
the case corresponds to the widely used 3dB beamwidth.
Without loss of generality, in the rest of this paper we adopt
this beamwidth.
Beams in the primary codebook FP are produced by
beams in the auxiliary codebook FA. Denoting the auxiliary
codebook’s total beam coverage, determined by X and Y , as
∆ψ and ∆ζ with respect to ψ and ζ respectively, we let every
beam on the bottom layer of the primary codebook FP have a
spatial coverage slightly smaller than ∆ψ and ∆ζ , where the
margin is represented by {Θψ ×Θζ}. Namely, one primary




, with ∆Pψ = ∆ψ −Θψ
and ∆Pζ = ∆ζ − Θζ . With these notations, QA, the number











where d◦e denotes the ceiling function, Max (α, β) returns the
larger value between α and β, {ψa, ζa} is the beam coverage
of one auxiliary beam C (fA) as defined in (14), following the
Global Spatial Space
Coverage of one primary beam 


















Fig. 3: Beam coverages of the auxiliary codebook and
bottom layer of the primary codebook.
PS resolution constraint (12). For each primary beam on the
bottom layer of the primary codebook, the number of auxiliary
beams needed for one beam on the bottom layer of the primary










An illustration is shown in Fig. 3, where margin {Θψ ×Θζ}
is painted blue, and coverage of one beam on the bottom




yellow. The auxiliary codebook’s
total beam coverage {∆ψ ×∆ζ} is bounded by red, and each
auxiliary beam, which follows the PS resolution constraint
(12) by green. This requirement assures that once one optimal
beam on the bottom layer of the primary codebook has been
determined, an exhaustive search over the codewords can
be executed within the auxiliary codebook according to the
selected primary beam.
Another major benefit of such codebook design is that it im-
proves the beamforming gain for an incorrect beam selection.
When the actual spatial direction of one path is located at the
boundary of two adjacent beams, the beamforming gain will
be quite similar for both beams. For the proposed approach, as
the auxiliary codebook covers a larger angle than an individual
beam of the primary codebook, an optimal beam can still
be selected thereafter even though the beam in the primary
codebook may not be the optimal one. As the 2D example
has shown in Fig. 4, though the optimal primary beam may
not be selected correctly if the path points at the boundary
of two adjacent beams, the larger coverage of the auxiliary
beams can still allow an optimal beam to be reached with high
probability, near the edge of the mis-selected primary beam.
In all, the procedure of designing the primary and auxiliary










Fig. 4: Auxiliary beams for a mis-selected primary beam.
Design auxiliary beams 
following PS resolution 
constraint, and spatial 
coverage requirement.
Design the bottom layer of 
primary codebook according 
to the spatial coverage 
Allocate 
beam patterns
Generate upper layers of 








Fig. 5: Procedure of designing FA and FP .
IV. MULTI-USER HIERARCHICAL BEAM TRAINING
The proposed multi-user hierarchical beam training contains
a hierarchical search in the primary codebook FP and then an
exhaustive search in the auxiliary codebook FA, as shown in


















Fig. 6: Beam searching process in the codebooks.
A. Wide beams in the Primary Codebook
To achieve hierarchical beam training, a multi-layer primary
codebook is required. The codewords on the bottom layer,
which can be used to derive the codewords on other top layers,


















codewords on the bottom layer of the primary codebook,
where Ωψ,Ωζ denotes the global spatial space. Specially
for a beam training over the entire spatial area (i.e. θ ∈
(0, π/2) , φ ∈ (0, 2π)), Ωψ = Ωζ = 2. Then, in order to
design a multi-layer codebook with Q codewords on each
layer, S = dlogQ Sle layers are required, where Q is called
the hierarchical factor in previous works such as [21] [22],
and dAe denotes the ceiling function. For simplicity it is
assumed that logQ Sl is an integer, namely S = logQ Sl, and
each of the wide beams on one layer will be divided into
Q parts to perform a Q-divided hierarchical beam training.
In this way, compared to the conventional exhaustive search
scheme that takes O (MN) tests to obtain an optimal beam,
the hierarchical codebook reduces the number to O (QS) for
a single MS scenario.
While the on the bottom layer, beams are produced by the
combination of auxiliary beams, in the multi-layer primary
codebook, summations of beams on the lower layers are
adopted to create wide beams for upper layers. For a Q-divided
codebook, denoting the primary codebook for the sth layer
from the top as FsP , the nsth codeword can be written as






FP (:, ns + (i− 1)Qs)
s = 1, · · · , S, n = 1, · · · , Qs,
(18)
where FP (:, n) denotes the nth codeword on the bottom layer,
and can be determined with the method proposed in Section
III-B. We denote the phase of the mp-th element for the ns-th
codeword on the bottom layer as







where αmp and βmp are some coefficients depending on
antenna index mp, according the steering vector (1), and
ψns , ζns are related to the direction represented by the ns-th





, which are fixed values and properly larger
than (∆ψ,∆ζ) as shown in Fig. 3, the phase of the ns + ith
element is given by















Expression (20) reveals that, for a determined antenna mp in
the array, the phase delay, between one codeword and the ith





Then the summation on the right hand of expression (18) for
antenna index mp, can be treated as a geometric series with
common ration ej2π∆i , namely























is the phase of
FP (mp, ns) as shown in (17). However, for a practical system
using PSs with limited resolution, directly using the proposed
summation beams are not practical, as the amplitude of (21)
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is given by









(1− cos 2π∆iSl)2 + sin2 2π∆iSl









which does not necessarily equal 1. This means that direct
summation does follow the constant amplitude constraint of
analog beamforming, therefore cannot be directly implemented
by PSs. To account for this, a further refinement based on
appropriate approximation of the amplitude is applied as
follows.
When we inspect the values of Sl∆ψ and Sl∆ζ , it can be
observed from Fig. 3 that the Sl codewords almost occupy
the whole global spatial space, except for the relatively small
margin {Θψ ×Θζ} between the coverage of auxiliary code-
book and one codeword on the bottom layer. Therefore we
have Sl∆ψ ≈ 1 and T∆ζ ≈ 1, which means that T∆i is very
close to an integer, as αmp and βmp both denote the index of
the mpth antenna and are integers, thus sinπ∆iSl ≈ 0. With
this approximation, for the amplitude (22), we have
|FsP (mp, ns)| ≈
{
Sl/Q
s, ∆i ≈ Q
0, otherwise
, (23)
where Q is an integer. Since Sl = QS , Sl/Qs can be further
written as QS−s. Physically, expression (23) means that, for
an analog beamformer using PSs only, the constant amplitude
constraint is almost met for any given layer s. This reveals
that approximation (23) can be used to meet such amplitude
constraint.
An illustrative example of a three-layer primary codebook
for 256 antennas, along with an auxiliary codebook which
contains 6 beams is shown in Fig 7. Only the beams belonging
to one beam on the immediate higher layer is shown on each
layer for a clear illustration.
Fig. 7: An example of the codebooks with Q = 2.
B. Hierarchical beam search in the primary codebook
After the wide beams on each layer of the primary codebook
have been created, the hierarchical beam search in the primary
codebook can be conducted. We consider a scenario where K
MSs communicate simultaneously with the BS, as shown in
Fig. 1. The BS first broadcasts the training symbols with Q
wide beams on the top layer of the primary codebook. The
MSs then detect the power distribution of the beams and select
the one with the highest beamforming gain. The indices of
selected beams are then fed back to the BS, marked as effective
beams. Each of the effective beams is then divided into Q
beams and the training process moves on to the next layer,
until each MS picks up its optimal beam on the bottom layer
of the primary codebook.
1 2
1 2 3 4
1 2 3 4 5 6 7 8






Fig. 8: Multi-user hierarchical beam searching in the primary
codebook.
An illustrative example of a K = 3 MSs hierarchical beam
training is shown in Fig. 8 with each color representing one
MS, where a Q = 2 divided beam training is performed. On
the first layer, BS trains the beams with indices 1, 2 and the
3 MSs simultaneously receive the training symbols and feed
back the optimal beams. On the first layer, Beam [1] is fed
back by both MS 1 and 2, and Beam [2] is fed back by MS 3,
hence the both are effective beams. Then the two are divided
into Beam [1, 2] and [3, 4] respectively. The returned effective
beams are Beam [2] for MS 1 and 2, and and Beam [3] for
MS 3. Therefore, on Layer 2, only Beam [2, 3] are effective
beams. This process will be chronologically executed until the
bottom layer has been reached.
For the broadcast beam training rather than the unicast one,
the BS does not have information about the characteristics
of the MSs. Therefore, the beam feedback will be kept and
updated at the BS. The beam training process moves on to the
next layer only after all the K MSs have accomplished their
beam training on this layer, and the BS has received their
feedback, in order to prevent ambiguity in beam indices. For
layer s = 1, 2, · · · , S, the BS transmits the training sequences
to all K MSs using each of the beamforming vectors on this
layer of codebook FsP , and performs the proposed hierarchical
beam training. The received signal of the uth MS on the sth





huf (s, ns) s + z, (24)
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where PT denotes the transmitting power, MN the total
number of antennas at BS, z the Gaussian white noise,
f (s, ns) ∈ Fsp is the nsth codeword from the sth layer of
the primary codebook, and s the normalized training sequence
with unitary amplitude. By detecting the amplitude of y, each
MS sends back the indices of optimal beams, and the searching
goes on until the bottom layer has been reached. A summary
of the proposed hierarchical beam training scheme is shown
in Algorithm 1, where a vector m is used to keep a record of
the effective beams on each layer.
Algorithm 1 Multi-user Beam Training in Fp
Input: Primary codebook Fp, Sl beams on the bottom layer,
MS number K, division coefficient Q, Layers S = logQ Sl
Output: Indices of optimal beams m ∈ C1×K
1: for s = 1 : S do
2: m→ Effective Beams in FsP : m = 1, · · · , Qs
3: for u = 1 : K do
4: for b1 = 1 : length (FsP ) do
5: yu (b1 ∗Q− 1 : b1 ∗Q) =
huf (s,QFsP [b1] + 1 : QFsP [b1] +Q) + z
6: end for
7: end for
8: [m]u = arg maxp |yu (p)|
9: update m
10: end for
C. Exhaustive Beam Search for the Auxiliary Codebook
After the previously proposed hierarchical beam search, the
optimal beams within the primary beam can be determined,
which indicates that the possible optimal beams are located
within a very small spatial area (∆ψ,∆ζ). As this area can be
fully covered by the auxiliary codebook as shown in Fig. 3,
an exhaustive search will be executed for a more precise beam
training result. Assuming that the auxiliary codebook contains
QA codewords, following the PS resolution constraint (12),
then each beam will test the QA beams exhaustively and the
associated MSs return the optimal beams. Namely, after the
optimal beam foptP on the bottom layer has been determined,











denotes the received signal using beam
foptP and f
∗
A at the same time. Due to the relative small size of
FA, an exhaustive search will work with affordable overhead.
This exhaustive search will cost an extra of QAK time slots,
yet thanks to the relative small number of QA, it will not bring
too much overhead. Further, the actual number of the extra
cost should be smaller in most cases, since the MSs sharing
the same effective beams can be trained within the same time
slot for their common effective beams.
D. Beam Training Overhead Analysis
After the hierarchical search in the primary codebook FP ,
and the exhaustive search in the auxiliary codebook FA, the
proposed scheme gives out the optimal beam that ought to be
adopted for data transmission. The beam training overhead,
which is related to the configuration of the two codebooks
FP and FA, is defined as the number of time slots required in
order to select the optimal beams for all MSs. Here numerical
analysis on the training overhead will be conducted for a
typical codebook setup, in order to make an illustrative com-
parison between the proposed and other similar hierarchical
beam training schemes.
For the primary codebook FP , the number of beams on the
bottom layer Sl, as defined in (18), along with the hierarchical
factor Q, determines the complexity of the hierarchical search.
In the analysis, we take an example of Sl = 72 which
represents a configuration of 6 × 12 beams in FP . In this
case, each beam on the bottom layer covers an area of
∆θ = 90
◦/6 = 15◦ over the elevation angle domain, and
∆φ = 360
◦/12 = 30◦ over the azimuth angle domain. The
hierarchical factor Q is set as 2 or 3 here, giving a binary
or 3-divided hierarchical search respectively. For the auxiliary
codebook FA, its size QA, which is subject to the resolution
of the PS as shown in (12), is also directly related to the
overhead. In the analysis we take the examples of QA = 3
and QA = 6, representing the 4-bit PS and 5-bit PS scenarios
respectively.
The proposed two-stage scheme includes a hierarchical
search in FP and an exhaustive search in FA, while in a
number of previous works, such as [23]–[25], a hierarchical
search is often conducted directly over all possible beams.
Comparison of beam training overhead between such ‘all
hierarchical’ schemes and the proposed scheme, is shown in
Table I. The ‘all hierarchical’ search here is performed over
the all Sl × QA possible beams, whose overhead determined
by the primary and auxiliary codebooks.
Since in the proposed scheme, the training overhead can be
reduced when multiple MSs share the same effective beams,
it will be of interest to analyze the best and the worse case
of the proposed scheme. The best case is where all MSs are
within the same effective beam, while the worst one is where
they all belong to different effective beams. From Table I, it
can be observed that, the proposed scheme, which employs a
hierarchical search in the primary codebook and an exhaustive
search in the auxiliary codebook, has a training overhead that
is almost the same as that of all hierarchical search schemes
in the worst case. With Sl primary beams on the bottom layer,
and an auxiliary codebook that contains QA auxiliary beams,
the overall beam training overhead Td for all K MSs is given
by
Tmaxd = KQdlogQ Sle+KQA, (26)






for the best case, where d◦e denotes the ceiling function. Most
practical cases will somewhere in between, and the corre-
sponding training overhead will therefore be between Tmind
and Tmaxd , representing a significant reduction in training
overhead. For instance, with the codebook configurations in
Table. I, the maximum overhead reduction varies from 47.2%
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TABLE I: Overhead comparison between all hierarchical schemes and the proposed two-stage scheme.




QA = 4 QA = 8 QA = 4 QA = 8 QA = 4 QA = 8
k = 4
Q = 2 72 80 72 88 30 46
Q = 3 72 72 64 80 31 47
k = 8
Q = 2 144 160 144 176 54 86
Q = 3 144 144 128 160 59 91
(38 versus 72) to 72.2% (40 versus 144).
V. BEAM TRAINING FOR MULTI-PATH CHANNELS
In Algorithm 1, the MSs select the optimal beams by simply
picking up the one with the highest beamforming gain, which
makes the beam point at the spatial direction of the dominant
path of one MS. For the multi-user system, this works for the
assumption K = NRF for (9) where one beam is selected for
each MS for fairness concern. When K > NRF , it is clearly
not possible to allocate at least one beam to each MS, and
other means will have to be employed to distinguish some
of the MSs, e.g. by allocating them different time-frequency
resource blocks [26].
In this section, we extend the beam training problem to
the case of K < NRF , which allows multiple beams to be
selected for one MS to maximize overall sum-rate (10). As
shown in Fig. 9, such multi-beam selection can be performed
corresponding to each path P1, · · · , PLk , rather than one beam
aiming at the dominant path Pdom to improve beamforming
gain, providing that all paths have been identified. Given the
synchronization requirements of some recent works (e.g. [27]),
and based on the previously proposed two-stage codebook, we
then propose a multi-path beam training scheme that identifies
paths in an angular manner, with low complexity but high
robustness.
A. Multi-path beam training for LOS scenario
As measurements have suggested that for the line-of-sight
(LOS) scenario, angular spreadings for the propagation paths
are very small [28], they can be detected within the adjacent
spatial area when a dominant path of one MS has been
determined. Specifically, we assume that the possible angular
spreading for the propagation paths of one MS is within the
coverage of the auxiliary codebook (∆ψ ×∆ζ). Therefore,
once the hierarchical search in the primary codebook has
been executed, the possible spatial area that covers most
propagation paths is also obtained. Then, instead of conducting
an exhaustive search in the auxiliary codebook for only one
optimal beam, an iterative search can be performed to extract
all the beams for all possible propagation paths.
The proposed iterative approach for the LOS multi-path case
is shown in the flow-chart of Fig. 10. The main idea of the
iterative approach is to first determine the dominant path, then
use several other beams to replace the original beam. After one
substitution proposal that improves the beamforming gain has
been determined, the process can move on to deal with the










Fig. 9: Multi-path channel beamforming (left: one beam
points at the dominant path; right: multiple beams point at
all paths).
case, as the paths are likely to come within a very small spatial
area, spatial directions of the propagation paths are assumed
to belong to the same codeword in the primary codebook.
Therefore, once the an optimal beam fdomP ∈ FP has been
selected according to the dominant path, beams for the actual
Lk paths can be found in the spatial coverage of fdomP . Then
within the corresponding auxiliary codebook, each path looks
for its optimal codeword sequentially with an independently
exhaustive search.
Algorithm 2 provides a summary of the proposed iterative
algorithm, accounting for the LOS multi-path channel, where
y (C) denotes the received signal with beams from the set
C, and C ± f means add/remove beam f from the set C.
In Algorithm 2, the same hierarchical-exhaustive approach
is used to find the optimal beam fdomA for the dominant
path, which is added to the set of optimal beams C. Then,
for any beam in the set, we check if the beamforming gain
improves when the beam is replaced by two other beams.












Fig. 10: Iterative beam training for LOS multi-path channel.
highest beamforming gain. An illustrative example is shown
in Fig. 11, where a 3-path scenario is shown. Each time one
beam is substituted by two other best-performing beams, if
any performance improvement can be achieved through this.
When the number of beams reaches the actual number of
propagation paths, performance cannot be improved by simply
adding beams, so the algorithm stops to output the result.
Providing Lk paths exist, in each iteration the set is expected
to add one beam corresponding to one path. Therefore, the
maximum number of iterations I can be set as the expected




















to be made   
Fig. 11: Multi-path channel beamforming with Algorithm 2.
B. Multi-path beam training for NLOS scenario
For a non-line-of-sight (NLOS) scenario when the LOS
path is blocked, the same approach for the LOS scenario
Algorithm 2 LOS Multi-path Beam Training in Fp
Input: Dominant beam fdomP by Algorithm 1, limit I
Output: Auxiliary beams for paths f1A, · · · ,f lA
1: Exhaustive search for auxiliary beam fdomA ∈ FA




, index i = 1
3: while i ≤ I do
4: for f ∈ Ci do
5: f1,f2 = arg max
f1,f2∈FA
∣∣y (Ci − f + f1 + f2)∣∣
6: if
∣∣y (Ci − f + f1 + f2)∣∣ > ∣∣y (Ci)∣∣ then
7: Ci+1 = Ci − f + f1 + f2
8: else
9: Ci+1 = Ci
10: end if




may be applied at first glance, if a rough result is enough
for the system. However, since for a NLOS case, these
propagation paths do not necessarily come within a relatively
small area covered by one auxiliary codeword, as the paths
can be produced by reflection of different scatterers. Thus
the proposed iterative search can potentially result in some
errors when directly applied for the NLOS case, since the
paths beyond the coverage of auxiliary codebook FA cannot
be detected. If a more precise result is required for the NLOS
case, the searching range ought to be extended to the whole
spatial area, which may result in prohibitively large training






Fig. 12: A potential beam for NLOS multi-path scenario.
Since beamforming gain will be significantly greater when
an optimal beam is applied, for the NLOS multi-path channel,
some non-effective beams with large enough beamforming
gain may also be applied, to account for the paths other than
the dominant path. As the example in Fig. 12 shows, on one
layer of the hierarchical search, by taking the optimal beam
and moving to the next beam, if there exists one beam in the
non-effective beam set whose received signal strength (RSS)
is significantly larger than the average RSS (quantified by a
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threshold ρR), then it is kept as a potential beam for the NLOS
paths. Once the optimal beams, along with the potential NLOS
multi-path ones, on the bottom layer have been determined,
beamforming gains are compared for all the combination
of these potential beams. Those which enjoy the highest
beamforming gains, when used with the optimal beams, are
selected, and the same exhaustive search in the auxiliary
codebook is performed as in the LOS case. A summarized
procedure of the beam training for the NLOS case is shown
in Algorithm 3. Since for a practical scenario, both NLOS and
LOS multi-paths can exist, the beam substitution proposed for
the LOS case is also employed in Algorithm 3 (Steps 16-26) to
obtain a more complete algorithm. Namely, any NLoS paths
are detected outside the auxiliary codebook (i.e. during the
hierarchical search in the primary codebook) while the LoS
paths are detected within the auxiliary codebook.
Algorithm 3 Multi-path Beam Training in Fp
Input: Input as in Algorithm 1
Threshold for NLOS multi-path RSS ρR
Output: Output as in Algorithm 2
1: for s = 1 : S do
2: m→ Effective Beams in FsP : m = 1, · · · , Qs
3: for u = 1 : K do
4: for b1 = 1 : length (FsP ) do




P [b1] + 1 : QFsP [b1] +Q) + n
6: end for
7: end for
8: [m]u = arg maxp |yu (p)|
9: if |yu (q)| > ρR ×Average RSS then




14: Dominant beam fdomP , NLOS beams f
nlos1
P , · · ·
15: Exhaustive search for fdomA ,f
nlos
A ∈ FA




A , · · ·
}
, index i = 1
17: while i ≤ I do
18: for f ∈ Ci do
19: f1,f2 = arg max
f1,f2∈FA
∣∣y (Ci − f + f1 + f2)∣∣
20: if
∣∣y (Ci − f + f1 + f2)∣∣ > ∣∣y (Ci)∣∣ then
21: Ci+1 = Ci − f + f1 + f2
22: else
23: Ci+1 = Ci
24: end if




C. Complexity analysis of the multi-path scenario
Complexity analysis when the problem is extended to
the multi-path scenario is presented in Table. II, where the
complexity of proposed multi-path extraction scheme under
the best and worst cases, is compared to that of a brutal
force one, i.e all the possible combinations of paths are tested
based on the proposed two-stage codebooks directly assuming
that Lk is known in advance. A recent work [18] that also
considers potential incorrect beam selection when the paths
point at the boundary of two adjacent beams is included as
well. Different from our work, [18] employs an extra search
within the interval of adjacent beams.
For the LoS scenario, it is assume that all the paths are
within the spatial coverage of the auxiliary codebook. The
worst case takes place when three beam splitting operations
are performed, resulting in an extra overhead of 4 + 3 + 2 =
9 (QA = 4) or 8 + 7 + 6 = 21 (QA = 8) time slots. In
contrast, the best case happens when beams cannot be split
as no beamforming gain improvement is observed, and the
algorithm stops after only one time slots, which means that the
3 LoS paths share the same optimal codeword. For the brutal
force scheme, selecting 3 beams from QA = 4 codewords is
equivalent to selecting one beam from 4 codewords for the
single-path scenario, hence the complexity is not increasing.
However, it is worth noting that the number of paths Lk is
usually not known in advance, hence the brutal force approach
may not be practical even though it is of less complexity under
some particular circumstances.
For the NLoS scenario, the worst case takes place when
2 potential optimal beams that corresponds to the 2 NLoS
paths are identified on the top layer of the primary codebook,
resulting in an iterative search of 2 extra times though the
entire codebooks. Thus the complexity is 3 times of that
of the single-path scenario, showing no reduction. The best
case happens when the potential optimal beams locates at
the bottom layer with the same optimal codewords on the
bottom layer of the primary codebook. In this case, no extra
complexity is involved and the complexity remains the same
as that of LoS scenario.
For the extra interval scheme [18], since it only uses
one hierarchical codebook, we suppose that it takes the all
hierarchical configuration in Table. I. For a fair comparison, it
is assumed that it includes an extra search within the intervals
of every two adjacent beams only on the bottom layer (LoS)
or the top layer (NLoS), in order to keep accordance with
the assumption made in this work. Apart from the overhead
shown in Table. II, the extra interval scheme requires extra
bits to keep a record of the RSS of adjacent beams, in order
to determine whether to search in the intervals. In general,
a remarkable overhead reduction can be expected with the
proposed scheme, compared to that of the brutal force scheme
or extra interval scheme [18], even in the worst case.
VI. SIMULATION RESULTS
The proposed beam training scheme is evaluated trough
numerical simulations conducted under the following config-
urations, unless otherwise mentioned:
• Carrier central frequency fc = 60 GHz
• UPA with 256 antennas: M = N = 16
• Number of MSs K = 8
• Path gain αl ∼ N (1, 0.25)
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TABLE II: Overhead comparison for the multi-path scenario with Lk = 3 paths and K = 4 MSs.




QA = 4 QA = 8 QA = 4 QA = 8 QA = 4 QA = 8 QA = 4 QA = 8
LoS Q = 2 92 140 31 47 72 280 84 172
Q = 3 84 164 32 48 64 272 84 186
NLoS Q = 2 216 420 31 47 216 420 252 456
Q = 3 192 396 32 48 192 396 228 432
• Spatial direction angle θ ∈ (0, π/2), φ ∈ (0, 2π)
• Threshold for a potential NLOS path ρR = 0.75
• Size of auxiliary codebook QA = 6 (representing 5-bit
PSs with Kp = 25 = 32 possible states )
• Hierarchical factor Q = 2 and Q = 3 to perform a binary
or 3-divided hierarchical search
Simulation results are averaged over 3000 test cases.
A. Beamforming performances of the codebooks
In Section IV-D, beam training overhead has been compared
between the all hierarchical schemes and the proposed two-
stage scheme. Since both schemes work on the same proposed
two-stage codebook, they will obtain almost the same beam-
forming gains, but the proposed scheme can offer a much
lower overhead, as shown in Table I. Therefore, here we would
like to investigate the beamforming results of the proposed
two-stage codebook, and compare them with those of other
existing codebooks adopted in industrial standards.
The physical layer standard of IEEE 802.11ad [29] at 60
GHz will be used as a benchmark, which is an exhaustive
and sector-based beamforming protocol. Specifically in IEEE
802.11ad, beamforming is completed in two phases: the sector
sweep level (SLS) and the beam refinement protocol (BRP)
phase. A sector is a set that contains several beams. BS
transmits unique frames from each sector and collect feedback
from the MSs to determine the optimal sector. Once the
optimal sector has been determined, the optimal beam is found
with an exhaustive linear search within the sector during
the BRP phase. Note that the sector in IEEE 802.11ad can
be regarded as the the counterpart of the primary codebook
in this paper, while the beams in one sector correspond to
the auxiliary codebook. The major difference between the
proposed codebooks in this paper and IEEE 802.11ad standard
or other similar protocols for mmWave systems such as IEEE
802.15.3c [30], is that the latter usually construct a fixed
number of sectors without considering the spatial coverage
and the relationship between sectors and beams. For a more
complete comparison, the ”extra interval” scheme from [18]
that also deals with incorrect beam selection, along with the
case of analog beamforming using ideal continuous PSs, is
presented.
In the simulations, auxiliary codebook FA consists of QA =
2 × 3 = 6 beams (2 elevation angles and 3 azimuth angles)
with inter-beam spacing θ = 6◦ and φ = 12◦ to meet the 4-
bit PS resolution constraint. Spatial coverages of the auxiliary
codebook under this configuration are ∆θ = 6◦×(2−1) = 6◦
and ∆φ = 12◦ × (3− 1) = 24◦. A Q = 2 or Q = 3 primary
codebook for hierarchical search is then constructed, whose
bottom layer uses a beam coverage of ∆θ = 5◦ and ∆φ = 20◦
to account for any mis-selection of the optimal beams, giving
a margin of (6◦ − 5◦) × (24◦ − 20◦) = 1◦ × 4◦. The upper
layers are generated using the summation of adjacent beams of
the lower layer. The benchmark, IEEE 802.11ad beamforming
approach, is performed using 8 sectors, which are evenly
located over the whole spatial area, with 2 beams in each
sector. This configuration indicates ∆θ = 90◦/ (8× 2) =
5.625◦,∆φ = 360◦/ (8× 2) = 22.5◦, which is very close
to that of the proposed codebooks (∆θ = 6◦ and ∆φ = 24◦)
for a fair comparison. It is assumed that each MSs are evenly
distributed over the whole spatial area and power allocation is
identical for all MSs.










































Continuous PS (analog only)
Fig. 13: Beamforming gains for one dominant path Lk = 1.
Simulation results of the beamforming gains for different
scenarios and structures of the codebooks are shown in Fig.
13-15. The three scenarios considered are: only one dominant
path (Fig. 13), 3 LOS paths with a maximum spreading 6◦
for each MS (Fig. 14), and 3 NLOS paths with spreadings
from 6◦ to 30◦ (Fig. 15). These scenarios are tested along
with two different codebook structures: Q = 2 or Q = 3 in
the simulation. Also, we use an exhaustive search to extract
the theoretically optimal beams, which plays the role of
the performance upper bound. It can be observed that, the
proposed beam training scheme enjoys a spectral efficiency
very close to the upper bound obtained by the fully exhaustive
search, as well as that by the extra interval scheme, indicating
that the proposed scheme selects the actual optimal beams
almost for sure.
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Continuous PS (analog only)
Fig. 14: Beamforming gains for 3 LOS paths Lk = 3.










































Continuous PS (analog only)
Fig. 15: Beamforming gains for 3 NLOS paths Lk = 3
(ρR = 0.75).
In addition, the proposed codebooks outperform the IEEE
802.11ad codebook remarkably. The reason of this superiority
is that the proposed primary codebooks are designed hierarchi-
cally with respect to the auxiliary beams and therefore have
a better spatial coverage than the IEEE 802.11ad codebook
(whose sectors are constructed with fixed number of beams),
leading to a more favorable beamforming performance. In
particular, for a primary codebook with different numbers of
beams on one layer, say Q = 2 or Q = 3, smaller Q is of more
interest. The explanation is that a smaller Q provides a better
resolution but requires larger search range on each layer during
the hierarchical search. This effect can be expressed in a two-
fold way: a better resolution leads to more accurate results
but more layers ought to be used, bringing extra overhead, as
even less common effective beams can potentially be used for
some MSs.
B. Beam Training Efficiency
Next, the efficiency of the proposed beam training scheme is
analyzed with numerical examples. Though theoretical upper
bound and lower bound of training overhead for the single
path scenario have been shown in Table I, for a real scenario
training efficiency depends on the number of common effective
beams on each layer, as proposed scheme reduces the beam
training overhead by eliminating the noneffective beams that
no MS selects. For the employed simulation configuration,
Sl = 6 × 12 = 72 beams are on the bottom layer of
the primary codebook FP , and the auxiliary codebook FA
contains QA = 6 beams. Then for a certain hierarchical factor
Q, number of layers is defined by S = dlogQ 72e. Again,
different Td for the single-path, LOS and NLOS scenarios are
tested. For comparison, the IEEE 802.11ad sequential scheme
with 8 sectors and 2 beams in each sector, independently
for every MS, along with the extra internal scheme [18],
is employed as the benchmark. For both LOS and NLOS
cases, the IEEE 802.11ad and extra interval schemes assume
the number of paths (Lk = 3) in advance. Specifically, for
the LOS case where the 3 paths are relatively close to each
other, it first uses an exhaustive search to select one optimal
beam for the dominant path, then executes exhaustive search
within the optimal sector and its two adjacent sectors for the
other 2 paths. For the NLOS scenario, arbitrary path location
is assumed, so both the IEEE 802.11ad and extra interval
schemes are executed for 3 times independently.





























Fig. 16: Training overhead for one dominant path Lk = 1.
Numerical training overhead for the single-path, 3 LOS
path and 3 NLOS path scenarios are shown in Fig. 16-18.
Generally speaking, by eliminating the beams marked as non-
effective in the proposed scheme, training overhead can be
significantly reduced. For the singe-path scenario, it can be
reduced by around 20% and 25% by the proposed approach
with Q = 2 and Q = 3 respectively. The overhead can
be further reduced for the multi-path cases, as traditional
hierarchical search does not take this into consideration, and
has to execute extra full search operations to detect all the
paths, within or across sectors (in IEEE 802.11ad) or adjacent
beams (in extra interval), depending on the distribution of the
paths. For the proposed scheme, extra paths can be detected
within the auxiliary codebook for the LOS case, or kept in
the hierarchical searching in the primary codebook for the
NLOS case. Adaptiveness to the multi-path channel can be
obtained for both cases. Note that, for the scenarios where
13



























Fig. 17: Training overhead for 3 LOS paths Lk = 3.






























Fig. 18: Beam training overhead for 3 NLOS paths Lk = 3
(ρR = 0.75).
MSs are densely located within a small area, (e.g. on the
crowded underground or a stadium), more training overhead
can be saved as most MSs share a limited number of effective
beams.
C. Beam Training Accuracy
The angular correctiveness of the selected beams by the
proposed scheme is evaluated by the beam training successful
rate. A successful beam training is defined as the selected
beam falls within the 3dB range of the actual optimal beam.
The successful rate is also evaluated for the single-path and
multi-path scenarios, with simulation results shown in Fig. 19
and Fig. 20 respectively. The multi-path scenarios generate a
channel consisting of 3 arbitrary paths, either LOS or NLOS.
Simulation results for the single-path case indicates a high
probability that the correct beams are selected. As expected,
smaller number of Q is favorable, but the gap can be marginal
when SNR is higher, since in this case both Q = 2 and Q = 3
can give the correct beam training result. When more MSs join
in the beam training, it gets more difficult to find out the exact
direction of all the MSs at the same time, but this is still very


























Fig. 19: Beam Training successful rate for one dominant
path with different numbers of MSs.


























Fig. 20: Beam training successful rate for 3 random paths
(LOS or NLOS) with different numbers of MSs (ρR = 0.75).
likely to be achieved when SNR is large enough. However
for the multi-path, multi-user scenarios, the successful rate
deteriorates heavily for both Q = 2 and Q = 3. In this
case, substitution of beams for the LOS paths, as well as the
recording of a potential NLOS paths, ought to be performed,
resulting the deterioration, especially when SNR is lower and
incorrect beam substitution can easily occur.
VII. CONCLUSION
In this paper we have considered the 3D beam training
problem for a multi-user massive FDD MIMO system, and
proposed a primary-auxiliary joint codebook, as well as a
hierarchical-exhaustive search beam training scheme. The pro-
posed scheme reduces the training overhead for a multi-user
system by combining the MSs that share the same optimal
beams on the same layer of the codebook. The beam training
problem for a multi-path channel with both LOS and NLOS
is also considered and solved by beam substitution and trans-
layer beam recording. Simulation results have shown a com-
parable performance to that of independent, exhaustive search
for all the MSs, but with a much lower training overhead.
14
For future work, it would be worthwhile to investigate how
to perform a new beam search, with the prior knowledge of
previously trained beams.
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